The original ideas of stochastic stability have been refined, generalized and extended in several directions and many new concepts have been introduced. Especially, some new ideas and approaches which might provide an exciting prospect of further advancement are still in the initial stages of investigation. In this talk, some of these aspects will be discussed.
• (Ω, F, {F t } t≥0 , P ): a complete probability space.
• B(t) = (B 1 (t), · · · , B m (t)) T : an m-dimensional Brownian motion.
• f : R • The n-dimensional stochastic differential equation (SDE) dx(t) = f (x(t), t)dt + g(x(t), t)dB(t), t ≥ 0, x(0) = x 0 ∈ R n .
(2.1)
The unique continuous solution is denoted by x(t; x 0 ).
• C
2,1
(R n ×R + ; R + ): the family of all nonnegative functions V (x, t) on R n × R + which are twice continuously differentiable in x and once in t.
• The diffusion operator L acting on C 2,1
is defined by
where
• K: the class of continuous (strictly) increasing functions µ from
• L 1 (R + ; R + ): the family of all functions γ :
• | · |: the Euclidean norm for vectors or the trace norm of matrices.
• A T : the transpose of a vector or matrix A.
A Classical Result and Question
Theorem 3.1 Assume that there are functions V ∈ C 2,1
and
Question: Do we still have asymptotic stability if V is not positive-definite or LV is not negative-definite? This is not possible if the underlying system is an ordinary differential equation (ODE) but possible if it is an SDE.
Stochastic Stability
The theorems discussed below not only describe this situation but also show that stability theory for SDEs is much richer than that for ODEs.
Theorem 4.1 (Mao [15] ) Assume that there are functions V ∈
is satisfied while (3.2) is replaced by the following weaker
where (B 1 (t), B 2 (t)) is a two-dimensional Brownian motion. Let V (x) = |x| 2 and compute
Clearly, LV is not negative definite so we can not apply the classical Theorem 3.1 using the Lyapunov function above to deduce the asymptotic stability in probability 1. However, we can apply Theorem 4.1.
In fact, compute
which is in K clearly. Thus
We can therefore conclude by Theorem 4.1 that the solution of equation (4.2) starting from any where in R 2 will tend to zero asymptotically with probability one.
such that
for all x 0 ∈ R n . In particular, if c 3 > 2c 2 , the solution of equation (2.1) will tend to zero exponentially with probability one.
In the above theorems we still require V to be positivedefinite. What happens if it is not?
Assume also that for any h > 0 there is a K h > 0 such that
for all t ≥ 0 and x ∈ R n with |x| ≤ h. Then,
Moreover, the solution of equation (2.1) has the properties that the limit lim t→∞ V (x(t; x 0 ), t) exists and is finite almost surely, 
and (ii) If D ρ = {0} and for some µ ∈ K,
It is not surprising that noise can destablize a stable system, but do you believe that noise can also stabilise an unstable system?
Consider a scalar unstable systeṁ
Perturb this system by noise and suppose that the perturbed system has the form
where B(t) is a one-dimensional Brownian motion. This SDE has the explicit solution
which yields immediately that
That is, the SDE becomes stable. In other words, the noise has stabilized the unstable system.
A brief history:
• Has'minskii (1969): The pioneering work where two white noise sources were used to stabilize a particular system.
• Arnold, Crauel & Wihstutz (1983) and Arnold (1990) : Any linear systemẋ(t) = Ax(t) with trace(A) < 0 can be stabilized by one real noise source.
• Scheutzow (1993): Stochastic stabilization for two special nonlinear systems.
• Mao (1994): The general theory on stochastic stabilization for nonlinear SDEs.
• Mao (1996): Design a stochastic control that can self-stabilize the underlying system.
• Caraballo, Liu and Mao (2001): Stochastic stabilization for partial differential equations (PDEs).
Stochastic stabilization
Given a nonlinear ODĖ
we use the m-dimensional Brownian motion B(t) as the source of noise to perturb it. Suppose the stochastically perturbed system is described by the semilinear SDE
, where G i , 1 ≤ i ≤ m, are all n × n matrices.
Condition:
Assume that f : R n × R + → R n is a locally Lipschitz continuous function and particularly, for some K > 0,
Theorem 5.1 Let (5.3) hold. Assume that there are two constants λ > 0 and ρ ≥ 0 such that
for all x ∈ R n . Then
for all x 0 ∈ R n . In particular, if ρ > K + 1 2 λ, then the noise stabilizes the given ODE (5.1).
Theorem 5.1 ensures that there are many choices for the matrices G i in order to stabilize a given system. For illustration, choose positivedefinite matrices D i such that
Obviously, there are many such matrices. Let σ be a constant and
By Theorem 5.1, the solution of the SDE (5.2) satisfies lim sup
Therefore the noise stabilizes the given ODE (5.1) if
To conclude we state: Theorem 5.2 Any nonlinear systemẏ(t) = f (y(t), t) can be stabilized by Brownian motions provided (5.3) is satisfied.
Stochastic self-stabilization
Consider an Itô equation with parameter u > 0 of the form dx(t) = f (x(t), t)dt + ug(x(t), t)dB(t).
(5.6)
Assume that for all sufficiently large u, equation (5.6) is almost surely
Now replace u by a control law
and then equation (5.6) becomes a controlled system
It is "reasonable" to hope that this controlled system (5. 
is almost surely L The controlled system
on t ≥ 0 with initial value x(0) = x 0 ∈ R n .
• If we want to control the i-th component of the solution with the
we can choose the convergence rate function
• If we want to control the solution with the property
we can choose r(t) = e γt/p I n×n , where I n×n is the n × n identity matrix. • Traditionally speaking, one requires the Lyapunov function V to be positive definite and LV negative definite in order to have stochastic asymptotic stability.
• The recent research shows that we still have stochastic asymptotic stability even if we lose these positive and negative definiteness.
• This is due to the fact the noise has an effect of stabilization.
• Making use of this nice effect we show a number of theorems on stochastic asymptotic stability where the Lyapunov function V may not be positive definite nor LV negative definite.
• Making use of the stabilization effect of noise we design different types of stochastic control laws to stabilize the underlying system in various senses.
• The results discussed in this paper show clearly that that the stability theory for SDEs is much richer than that for ODEs.
